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Abstract. We study, under the radial symmetry assumption, the solutions 
, to the fractional Schrodinger equations of critical nonlinearity in R 1+d ,d > 2, 

with Levy index 2d/(2d— 1) < a < 2. We firstly prove the linear profile 
decomposition and then apply it to investigate the properties of the blowup 
solutions of the nonlinear equations with mass-critical Hartree type nonlin- 
cartity. 



1. Introduction 

In |21j Laskin introduced the fractional quantum mechanics in which he gener- 
alized the Brownian-like quantum mechanical path, in the Feynman path integral 
approach to quantum mechanics, to the a-stable Levy-like quantum mechanical 
path. This gives a rise to the fractional generalization of the Schrodinger equation. 
Namely, the associated equation for the wave function results in the fractional 
Schrodingicr equations, which contains a nonlocal fractional derivative operator 
(— A)f defined by (—A)"? = J 7 ~ 1 \£\ a J 7 . In this paper we consider the following 
Cauchy problem with mass critical Hartree type nonlinearity: 

f iu t + (-A)f u = \{\x\- a * \u\ 2 )u, (t, x) e K 1+d , d > 2, 
\ u(0,x) = f(x)€L 2 , 

where A = ±1. Here a is Levy stability index with 1 < a < 2. When a = 2, 
the fractional Schrodinger equation becomes the well-known Schrodinger equation. 
See [22l [23] and references therein for further discussions related to the factional 
quantum mechanics. 

The solutions to equation have the conservation laws for the mass and the 
energy: 



M(u) = J \u\ 2 dx, E(u) = ^ Ju\V\ a udx-^ J u{\x\- a *\u\ 2 )udx. 

We say that is focusing if A = 1, and defocusing if A = — 1. The equa- 

tion is mass-critical, as M(u) is invariant under scaling symmetry u p (t,x) = 
p~ d l 2 u(tj ' p a x/p), p > which is again a solution to with initial datum 
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p~ d / 2 u(Q, x/p). The equation (jl.lj) is locally well-posed in L 2 for radial initial data 
and globally well-posed for sufficiently small radial data [7]. (See [14] for results 
regarding power type nonlincarities.) For the focusing case, the authors [8] used 
a virial argument to show the finite time blowup, with radial data, provided that 
the energy E{u) is negative. Also see [12] and [13] for results with noncritical 
nonlincarity 

In this paper we aim to investigate the blowup phenomena of (jl.ip with radial 
data when a < 2. Due to the critical nonlinearity the time of existence no longer 
depends on the L 2 norm of initial data. Instead it relies on the profiles of the data. 
Hence the situation become more subtle. When a = 2, a lot of work was devoted 
to the study of blowup phenomena, which was based on the usual Strichartz and 
its refinements. (See for instance [TT] UHl I2S].) When it comes to the fractional the 
Schrodingcr equation (1 < a < 2), due to the non-locality of fractional operator, 
various useful properties (e.g. Galilean invariance) which hold for the Schrodingcr 
equation are no longer available. The main difficulty comes from absence of proper 
linear estimates. In fact, by scaling the condition a/q + d/r = d/2 should be 
satisfied by the pair (q, r) if L 2 -LjL x estimates were true for the linear propagator 
/ — > e 4t ( _A ) 2 /. But such estimate is impossible as the Knapp example shows 
that H S -L\L X is only possible for 2/q + d/r < d/2. In order to get around these 
difficulties we work with radial assumption on the initial data, which allows us 
to use the recent results on the Strichartz estimates for radial functions [TJj or 
angularly regular functions [9]. 

Linear profile decomposition. As for linear estimates such as the Strichartz 
estimates or Sobolev inequalities, the presence of noncompact symmetries causes 
defect of compactness. The profile decomposition with respect to the associated 
linear estimates is a measure to make it rigorous that such symmetries are the only 
source of non-compactness. 

Concerning nonlinear dispersive equations (especially nonlinear wave and Schro- 
dingcr equations), the profile decompositions have been intensively studied and led 
to various recent developments in the study of equations with the critical nonlin- 
earity ([E]). Profile decompositions for the Schrodingcr equations with L 2 data 
were obtained by Merle and Vega [35] when d = 2, Carles and Keraani [5J, d = 1, 
and Begout and Vargas [3], d > 3. ( Also see pQ |4j [28] for results on the wave 
equation and [29] [20] [10] on general dispersive equations.) These results are based 
on refinements of Schrichartz estimates (see [26] [3]). There is a different approach 
based on Sobolev imbedding but such approach is not applicable especially the 
equation is L 2 -critical. Our approach is also based on a refinements of Schrichartz 
estimate. Thanks to the extended range of admissible due to the radial assumption 
it is relatively simpler to obtain the refinement (see Proposition 12.31 which is used 
for the proof of profile decomposition.) 
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We now define the linear propagator U(t)f to be the solution to the linear 
equation iut + (—A)~u = with initial datum /. Then it is formally given by 

(1.2) U(t)f = e i4 <- A >* / = -±- d [ e^ +t ^f(0 d£. 

{ Z7r ) JR d 

Here / denotes the Fourier transform of / such that /(£) = J Rd e~ tx '^f(x) dx. 
The following is our first result: 

Theorem 1.1. Let d > 2, ^Jrr < a < 2, and 2 < q,r < oo satisfy ~ + f = f . 
Suppose that (u n ) n >i is a sequence of complex-valued radial functions satisfying 
\\un\\L' 2 < 1- Then up to a subsequence, for any I > 1, there exist a sequence of ra- 



dial functions (4> 3 )i<i<i £ L , LiJ n £ L and a family of parameters (^,^)i<j<i,ri 
such that 

U n (x)= Y, U{ti)[{hi)- d '^{-/hi)]{ X )+J n {x) 

l<j<l 

and the following properties are satisfied: 

j 



>i 



lim limsup||C/ Q (-)w„||L?Lj(RxE^ = 0, 



and for j ^ k, (h J n ,t 3 n ) n >i and (/i^,t^)„>i are asymptotically orthogonal in the 
sense that 

either limsup —r H = oo, 



and for each I 



or (hi) = (h k n ) and limsup " "' = oo, 

ri-s-oo (h n ) a 



lim 



= 0. 



- ( E ll^ll 2 ^ + !l^ll! 2 ) 

i<i<i 

In what follows we make use of the linear profile decomposition to get nonlinear 
profile decompositions of the solutions to (jl.ip . 

Nonlinear profile decomposition. Let us set 

6d 



(9o ' r °M 3 '3d^)- 



As it can be shown by the usual fixed point argument and the Strichartz estimate 
(with a-admissible pairs) , in Lemma 12.11 the local well-posedness theory can be 
based on the estimate of space-time norm ||w||L«oL^(/xR d ) 0- As a by product, if 
the solution fails to persist, then the space-time norm blows up. 

Definition 1.2. A solution u G C t L x ((—T min ,T max ) x R d ) to (|1.1[) is said to blow 
U V "if \\ u \\L q t °Ll°{(-T min .T man: )y.VL'i) = °°. Here -T mini T max <E [-00,00] denote the 
maximal times of existence of the solution. 



4n fact, one use choose any a-admissible (g,r) such that 6d/(3d — a) < r < Gd/(3d — 2a) if 
2d/(2d - 1) < a < 2 and 6d/(3d - a) < r < 6d/(3d - 2a) if 2d/(2d - 1) = a. For instance see [§]. 
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Since T max or T m i n may be oo, we regard non-scattering global solutions as 
blowup solutions at infinite time. We also define the minimal mass of solutions 
from which a solution may ignite to blow up. 

Definition 1.3. Sq := sup {A >0:lf ||uo||z, 2 < A, for all uq 6 L 2 (jl.ip is globally 
well-posed forward and backward, and its solution u satisfies ||it||_[,«° ig> ((-oo,oo)xK<*) 
< oo}. 

By the small data global existence, we have Sq > 0. Moreover, for any 5 > S Q , 
there exists a blowup solution u with S Q < \\u\\ L 2 < 5. In Theorem 11.61 below we 
show that there exists a blowup solution having the minimal mass So- This will 
be shown by using the nonlinear profile decomposition, which is derived from the 
linear profile decomposition combined with perturbation theory. 

For a given sequence of radial data C L 2 , from the linear profile decom- 

position (Theorem 1 we have an asymptotically orthogonal decomposition to a 
sequence {0 J }i<j<; e L 2 , <J n e L 2 , [h^ , i{)i<,-<;,„>i. Then by taking subsequence, 
if necessary, we may assume that t n G {— oo, 0, oo}. Here we denote t n = linx, P n . 
Using the local well-poscdncss theorem with initial data at t — or t = ±oo 
(see Lemma I A. 1 1 below) . we define the nonlinear profile by the maximal nonlinear 
solution for each linear profile. 

Definition 1.4. Let {h n ,t n } be a family of parameters and {t n } have a limit in 
[—00,00]. Given a linear profile (j) € L 2 with {(h n ,t n )}, we define the nonlin- 
ear profile associated with it to be the maximal solution ip to which is in 
CtL 2 ((— T m in, T max ) x M. d ) satisfying an asymptotic condition: For the sequence 

{tn}, 

lim \\U{t n )(j)-^(t n )\\ L 2 =0. 

n— >oc x 

Then, the linear profile decomposition yields the nonlinear profile decomposition 
which is the key tool for proving blowup phenomena in what follows. 

Proposition 1.5. Let {it°} C L 2 be a bounded sequence. Suppose that {<^'}i<j<i G 
L 2 , u> n € L 2 , (h J n ,t J n )i<j<i tn >i is a linear profile decomposition obtained from The- 
orem ["PI Let u n € C(J n ;L 2 ) be the maximal solution of with initial data 

u n (to) = u°. For each j > 1, suppose {i' :l }i< ] <i € C t L 2 x ((-T^ in , T^ ax ) x R d ) is the 
maximal nonlinear profile associated with {(j> ) }i<j<i, {h J n , t J n )i<j<i,n>i- Let {/«} be 
a family of nondecreasing time intervals containing 0. Then, the following two are 
equivalent; 

(!) l|r^lli«°is o (i- n xK««) < 00, j> 1, 

(2) \\u n \\L«°Ll°(I n x& d ) < 00 ■ 
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Here — „ i L, ^'( , t ,/. 1 ' ,-nr)- Moreover, if (1) or (2) holds true, we have a 

(fen)' (ftn) v ' 

i 

3=1 

lim limsup (\\(U(-)u l n \\ L «° L r„ ( InXRd) + \\e l n \\ L ^ L r 0{InXMd) ) = 0. 

L—>oo n—toc 

Blowup phenomena. We now consider the blowup solutions of and present 
various results which rely on the nonlinear profile decomposition. 

We first show the existence of minimal mass blowup solution. Due to lack of 
compactness of the Strichartz estimate, we do not expect that a bounded sequence 
has a convergent subsequence. However, the extremal sequence has a convergent 
subsequence and its limit. This can be viewed as a Palais-Smalc type theorem (see 

EH)- 

Theorem 1.6. There exists a blowup solution u to ([l.lj) with initial data f G L 2 of 
|| /|| £2 = Sq- Moreover, {u(t) € L 2 : —T m in <t< T max \ is compact in L 2 modulo 
symmetries. That is, for any sequence {u(t n )} with t n G {—T m i n ,T max ), there exist 
(f) G L 2 and a subsequence, still called {t n } and {h n }, such that 

h^ 2 u(t ni h n x) -> 4> in L 2 . 

If the mass is greater than the minimal mass(= Sq) but less than twice of S 2 , 
then the blowup solution does not form more than one blowup profile. Thus, we 
still have a weaker form of compactness property of the blowup solutions. 

Theorem 1.7. Let u be finite time blowup solution of (|1.1[) at T* with ||m(0, -)IIl 2 < 
^/25o and let t n f~ T* . Then there exist <fi G L 2 and {h n }^ =1 satisfying 

(1.3) h^/ 2 u(t n ,h n x) — ^ (f> weakly in L 2 



d if solution of (jl.ip with initial data 4> blows up at T* 



an 

(1-4) limsup--- " . i , < — — zn—- 

Under the same condition, when a blowup occurs, only one profile blows up 
by shrinking in scale. As a corollary, we obtain the concentration in L 2 -norm at 
blowup time. For related results when a > 2, see [6]. More precisely, we have 

Corollary 1.8. (Mass concentration of finite time blowup solution) Let u be a 
finite time blowup solution at T* with ||u(0,x)||i2 < s/2Sq and let t n T* . Then 

(1.5) limsup / \u(t n , x)\ 2 dx > S 2 

Tl->00 J\x\<X(t n ) 



for X(t n ) satisfying A(t " t j 



0. 
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The arguments in this paper can be modified to prove the same results (non- 
linear profile decomposition and blowup phenomena) for the equations which have 
the power-type mass critical nonlinearities as long as we assume that blowup oc- 
curs. But the existence of blowup solutions does not seem to be known yet for the 
fractional Schrodinger equations with power- type nonlinearities. 

The rest of the paper is organized as follows: In Section 2, wc will show the 
refined Strichartz estimate. Section 3 will be devoted to establishing linear profile 
decomposition. Then we will show the nonlinear profile decomposition in Section 
4. In Section 5 we will study blowup phenomena by making use of the profile 
decomposition. 

2. Refined Strichartz Estimates 

It has been known that the Strichartz estimates for dispersive equations have 
wider admissible ranges when the initial data / are radial [Mj [9] . Recently, almost 
optimal range of admissible pairs was established in [14j and the range was further 
extended in [9J [16] to include the remaining endpoint cases. We now recall from [9] 
that 

(2-1) \\U(-)P f\\ LtL r < \\fh 

holds whenever q,r > 2, (q,r) ± (2, ^±2), and \ < 2 -^{\ - ±). 

Let Pk,k £ Z, denote the Littlewood-Paley projection operator with symbol 
x(£/2 fe ) £ C£° supported in the annulus A k = {2 fe " 1 < |£| < 2 k+1 } such that 
Sfcez^ = id- By (|2.1I) . Littlewood-Paley decomposition and rescaling we get the 
following. 

Lemma 2.1. Let 2 d-i < a < 2, q, r > 2, and r ^ oo, and let /3(a,q,r) = 
d/2 - d/r - a/q. If {q,r) ? (2, 2^1) and \ < 2^1 (| - I), then for radial f, 

ii^(-)/ik^<(E 22W(Q ' 9 ' r) n p ^ii2) 1/2 - 

fcez 

Adapting the argument of [B] together with Lemma I2TT1 we get bilinear estimates 
for U which give extra smoothing due to interaction of two waves at different 
frequency levels. 

Lemma 2.2. Let 2 d-i < 01 < 2, g, r > 2, and r ^ oo. Suppose that f and g are 
radial. Then, for - < (g — then there exists e = e(a,q,r) > such that 

\\U(-)Pjf U{-)P k g\\ Llf2h rj 2 < 2^+ k ^^- k ^f\\ L 4g\\ L2 . 

Proof. By symmetry we may assume that k > j and we set I = j — k < 0. Then, 
by rescaling it suffices to show, for some e > 0, 

(2.2) \\U(-)P e fU(-)P g\\ * * <2^^ r ^\\f\\ 2 \\g\\ 2 . 
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This estimate (|2~2|) with e = obviously holds for ^ < ^^{ \ - \), which follows 
from Lemma 12.11 and Holder inequality. We can then interpolate this with the 
estimate 

(2.3) \M-)Pef U{-)P a g\\ Llx < 2^ 4 < 4 H e >!|/|| 2 ||. 9 || 2 

for some e > to get (|2~2"j) for ± < \ — £). Hence we reduce to showing (j2~3)) . 

When 2 l ~ 1 (|2.3p is trivial from Lemma [2.11 Thus we assume 2' < 1. By 
finite decomposition, rotation and a mild dilation, we also may assume that g is 
supported C B(e\,e). Here ei = (1,0, •• • ,0) and B{e\ 1 e) is the ball of radius e 
centered at e\. Freezing £ = (£2, • • • f £d) € 5(0, 1), we set 

B&,g)(x t t) = J e*^>^ a+ ^Pif(i)^g(v)^idv. 

Then it follows that 

(2.4) U(t)P e f U(t)P g = J <?)(x, t) d£. 

We make change of variables (£1,77) — » C = (£1 + Vii ' ' " 5 £d + ? 7d; + \v\ a ) 



for B^(f,g)(x,t). Then, by noting g^f?^ = a\ ^\ a ~ 2 - ViM"' 2 ] 
Plancherel's theorem, and reversing change of variables ( C ~^ (£1, 7 l) )i we S e t 

||B e (/,ff)||L? i .<C||^?(0^fl(T7)||i| ii ,. 

Therefore, by (|2.4[) . Minkowski's inequality, and Holder's inequality we get 

\\u(-)P e fU(-)P og \\ L 2 x < [ \\p7f(0PTg(v)\\ L * <% 

<\\9h J \Wm\L>X m <2^ } dt <2^)||/|| 2 || ff || 2 . 

Since a > and d > 2, /3(a,4,4) < Hence, we can take e = ^=1 - /3(a,4,4). 
This completes the proof of Lemma 12.21 □ 

The estimate in Lemma 12.11 can be strengthened to get so-called refinements 
of Stirchartz estimate ([3J 1261 I27j). It plays crucial role in the proof of profile 
decomposition. Thanks to radial symmetry, such refinement is much easier to 
obtain. Here we make use of the argument in [6] where high order cases (a > 2) 
were treated. 

For a < 2, let us call the pair (q, r) a— admissible, provided that — + ^ = | for 
2 < q, r < 00. 

Proposition 2.3. Let 2 d-i < « < 2, q > 2 and r ^ 00. If (q,r) be a— admissible, 
then there exist 6,p, 8 € (0, 1), 1 < p < 2, such that 

(2-5) \\U{-)f\\ LlK < (su P 2 kd ^\\PJ\\ P ) e \\f\\ 1 2 - e . 
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Proof. We have from Lemma [2711 

(2-6) ll^(-)/IUj £: ^(Ell^/lla) 1/2 

fc 

for any a-admissible pair (q,r). Then (|2.5[) follows from interpolation of (|2.6p and 
the following two estimates: for some p*, with < 2 < g*, 

1/9. 



(2-7) \\U(-)f\\ LtK <(J2\\Pxf\\ q 2 



(2-8) ll^(-)/IU t « i: £ (EC^^II^IU) 



1/2 



fc 



In fact, the interpolation among (|2.6|) . (|2.7p and (|2.8p gives 

(2.9) ito/iu^ < (E^^wiur) 1790 

fc 

for (1/qo, 1/po) on the triangle with the vertices (1/2, 1/2), (1/p*, 1/2) and (1/2, l/g*). 
So, there exist qo,Po> Po < 2 < (fth f° r which (|2.9|) holds. Hence, 



\M-)fUr* < ((bup 2^-^||^7|| P0 ) 9 °" 2 E(2 M -- ) ll^/IU) 2> 
fc fc 

< (sup2 M ^- 1 ^)||F fe /|| po ) (Ellft/! 1 



2 

fc 



< ^up2 Ka ^'\\P k f\\ Po ) ||/| l2 

For the second inequality we used Holder's inequality. We need only to set p = po 
and 9 = 1- 2/q to get (j2~5j) . Now we need to show (|2~7)) and (|2~8)) . 

We show (|2.8p first. Let (q,r), 2 < g < oo be a-admissiblc. Since 2 J^ 1 < 
a, there exist 2 < g ,r < oc such that f-^-f>0, i< 2^i(| - i), 
and (±,±) = < 9 < 1. So, by (EH) we have ||£/(- WL ? o_^o < 

||Po/||2- By interpolation of this with the trivial estimate H^XO-Po/Hl^ < ||-Po/||i, 
we get for some 1 < < 2, \\U(-)Pof\\ L « L r < \\Pof\\ P ,- Then by rescaling, we 
have \\U(-)P k f\\ L « L r < 2 kd{ ^^ ] \\Pof\\ P , ■ Now Littlewood-Paley and Minkowski 
inequalities give 

\M-)fhiL, < (Eii^(Wii!?x £ ) 1/2 < (E^^^i^/i^) 2 ) 172 - 

fc fc 
We now turn to the proof of (|2.7|) . It is sufficient to show an Lf x estimate 

(2.io) \M-)fh u < (E( 2 ^ (a,4,4) ll^/ll 



^ 4 

\2) 



Indeed, as before, the required estimates can be obtained by interpolating (|2.10p 
with the estimates in Lemma \2. II for (q, r) ^ (2, 2 ^d-P ) wmcn satisfy — £ ) < 
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I < 2d_^_ / 1 _ iy 2 < r < oo. To show ([2T0]) wc write 

OO 

u(t)fu(t)f= ]T ^(W^W^W- 

j=-oo k 

For (|2.10j) it is sufficient to show that for some e > 

(2.11) || ^ ^(-)^7+fey|lz. ? ^ < 2-l-^"l e (^ (2^C«' 4 ' 4 >||JWI| 2 ) 4 ) 1/4 . 

k k 

We show it by considering the cases |j| < 3 and |j| > 3, separately. Let us first 
consider the case \ j\ < 3. By Cauchy-Schwartz inequality, | J2k U W-Pfc/ U(t)Pj +k f\ 2 < 

EZ-ooEk\u(t)P k fu(t)p k+l f\\ so, 

oo 

\\J2U(t)P k fU(t)P j+k f\\l lx < ^\MtWU(t)IUif\\Li a ' 

k 1= — oo fc 

From Lemma 12.21 and Cauchy-Schwartz inequality, it follows that 

oo 

\\Y,u(t)p k fu(t)p j+k f\\ 2 Llx < E 2 " |il22fc " (Q ' 4 ' 4) n^/ii2 22(fc+ ^ (QA4) ii^/ii : 

k l — — oo k 

/ — — oo k k 

for |j| < 3. We now consider the case |j| > 3. Let us first observe that the Fourier 
supports of U (t)Pkf U (t)Pk+j f arc boundedly overlapping. So by Plancherel's 
theorem and Lemma [ 



i) ■ 



iiX;^(o^/^(0^+i/iii».^Eii^w^(Oft+i/iii ?i . < 

fe k 
^ 2 -U|e 2 ^(a ) 4,4)||p fe/ ||2 2 (fe+J)^(a,4,4)||p fe+i/ ||2 < 2 -|i|e ^-( 2 ^(a,4,4) ||p fe/ || 



k k 

This completes the proof. □ 
3. Linear profile decomposition 



In this section we prove Theorem 11.11 We assume that the pair (q, r) is in- 
admissible with |(| - 1) < i < ^-{l - I), that is, -frx < a < 2. 

3.1. Preliminary decomposition. By using the refined Strichartz estimate (|2.5p . 
we extract frequencies and scaling parameters to get a preliminary decomposition 
as follows. 

Proposition 3.1. Let (u n ) n >i be a sequence of complex valued functions with 
\\u n \\L 2 < 1- Then for any S > 0, there exists N = N(6), fP n <E (0,oo) and 
{fi)i<j<N,n>i C L 2 such that 

N 

U n = E fn + In 
3 = 1 
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with the following properties: 

1) there exist compact set K = K(N) in an annulus {£ : R\ < |£| < R2} 
satisfying that 

U) d/2 Ui(P J nO\ < C SXK (£) for every 1 < j < N, 

2) limsup„^ 00 (^| + e*) = 00, if j ^ k, 

3) limsup^^ \\U(-)q%\\ L « L r < S for any N > 1, 

4) limsup^dKUl - (Ef =1 \\fi\\ 2 2 + II^Hi)) = 0. 

Proof. Suppose that lim supj^^ ||£^(-)u„||_l9_lt- < 5, then there is nothing to prove. 
So we assume that||[/(-)w n |j L | L r > <5 for all n > 1. By refined Strichartz estimates 
(Lemma |2.3[) . there exists A n = {£ : < |£| < p\} such that 

c i(Pn) d ^~ 5 ^ — ll^nllp f° r some constant ci, 
where u\ = u^xai ■ And for any A > 

£i|*d£ = ! (\ 2 ~ p \u} l \ p )\ p ~ 2 d£ < \ p -\ 

{KI>M ^{KI>A} 

Thus we have 



Jttul\>\\ ' 



,1|2 



'{KI>A} 

Let A = (f )&(ph)-i8*-&. Then 

>^"^<( ( Klrf <( W JtfH)| 

2 W{| H i|<A} 7 ^{KI<M 

where is the measure of unit sphere, which implies that 

|^<(/~ K\ 2 ) h (c'^c^-^). 
1 K J{\ul\<\] ' 

Now define G*(V>)(£) by {p\) d ^ 2, ip{p\Cj for measurable function ^. Then by 
letting v\ = u\ X { |^| <A} we get ||^|| 2 > \d x 8^ and \G n = (p^^KpU) < 
CsXa 1/2 1 where A fll:fl2 is the annulus {£ : i?i < |£| < i??}- We can repeat above 
progress with u n — v^ replacing u n . After N(= N(S)) stepqj, we get {v n )i<j<N and 
(p 3 n ) such that 

N 

U n = ^ v n + ll 



1 N 
In > 



AT 



Eikiil + iirt. 



ll^(*)9nlUr 



2 At each step, the L 2 norm decreases by at least ^c^S'S . 
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The second identity follows from disjointness of @ Fourier supports of v 3 n and ■ 
The third inequality gives Property 3). 

We say fP n _L if and only if limsup(%- + ^g-) = oo. Define f\ to be the sum of 
those v 3 n whose p J n are not orthogonal to p l n . Take least jo £ [2,./V] such that is 
orthogonal to p x n and define f 2 to be the sum of v 3 n whose fP n are orthogonal to p\ 
but not to p}°. After finite step, we have {fh)i<j<N satisfying properties 2) and 4) 
because the Fourier supports are disjoint. 

Now we have only to check Property 1). We only consider The other cases 
can be treated similarly. Since v 3 n collected in has (P n which is not orthogonal to 
p\, we have 

(3.1) li m sup('4 + 4) <0 °- 

n->oo \P n P n J 

And by construction, we also have \G J n (v 3 n )\ < CsXA 1/2>1 - Here G° n (ip)(^) = (p^^ifiO- 
Since G£(5) = G 1 n {G j n )~ 1 G ] n (v J n ) and 



G 1 n (Gi)-^(0= (4) 

\ Pn / \ Pn 



.pnJ \ Pn 

from the non-orthogonality (|3.1|l it follows that there exist R\ and R? with < 

R\ < i?2 such that IG* (t>^)| < Csxa Ri ^ R2 for all v 3 n collected in This completes 
the proof of Proposition 13.11 □ 

The next step is devoted to further decomposition of f 3 n to get time parameters. 

Proposition 3.2. Suppose that {/«} C L 2 satisfies {p n ) d ^ 2 \fn(pn£,)\ ^ an d 
F e L°°(K) for some compact set K C A = {£ : < R\ < |£| < R 2 }. Then there 
exist a family (s l n )i>\ C R and a sequence (<fi e )£>i C L 2 satisfying the following 
properties: 

1) for t^e 

limsup|s^ -s e n \ = oo, 

n— >oo 

2) /or every M > 1. i/iere exists e„ € L 2 swc/i i/iai 

M 

/„(*) = ^(p ri ) d / 2 (t/«)^)(Pnx) + ef (*) 

£=1 



limsup||[/(-)ef |U« LS = 0, 

M-s-oo 



3) for any M > 1, 



IIA!I 2 -(E 11^111 + ikfll 2 .) 
1=1 



^Actually, we can make them mutually disjoint at each step. 
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Proof. Let us denote by T the collection of functions {F n }„>i which are given by 
Fn(0 = (p n ) d/2 MpnO, and define 

W{F) = {weak-lim U{-s\)F n in L 2 : s\ e M} 

and fi(F) = sup 0evv(jr) \\<f>\\ L 2. Then fi(F) < limsup^^ ||-F n |U>- 

We may assume that n(F) > 0. As a matter of fact, if n(F) = 0, we are done 

because we will show later (|3.2[) for some 9, < 9 < 1. 

Let us choose a subsequence {F n }, s,\ and 1 such that U(— s^)F n — (p 1 as 

n -> oo and H^H > ^(J 7 ). Let F^ = F„ - [/(s*)^ 1 and F 1 = {F r \}. Then 

Iimsup||J^||2 

n— >-oo 

= limsup(F„ - U{s x n )<t> x ,F n - C/(4)0 X ) 

= limsup «F„,F„) - (C7(- S i)F„,^) - tf(-«Jjf„) + 
= Hmsup||F„||2-||^||2. 

Repeat the process with F^ to get s^,</> 2 ,F^ and so on. By taking a diagonal 
sequence we may write 

M 

F n (x)=J2u( S e n )<f> e + F^, 

which satisfies that limsup^^ ||F n ||| = J^eLi + l ims uP«^oo 11-^ Hi- So 

YleLi ll^lll i s convergent, which implies limsup^^ ||0 £ ||2 = 0. Since [i(F M ) < 
2||^> M + 1 || 2 , we get limsup,^ M-^H 0. 

Now let us define by F™ = ple^ . Then the remaining thing is to show 

(3-2) limsup||C/(.)ef|| i?i£ </i(F M ) e 

for some with < < 1. By construction, we may assume 4> 1 i<km nas common 
compact support K. Invoking that the pair (q, r) is a-admissible with - < 2 °~ 1 (| — 
f ), we get 

Mil _ _ Iir7-Mc^ll.„. ^ ilrre^z?M"il?/9 II7TM e-Mm 1-9/5 



irocik^ = iitf(o*riu?« < \m-)Fn q iA\um 



for some 1 -admissible pair with - = p. Concerning the first term, from 

Lemma |2. II we have 



Thus for (J3T2J) it suffices to show limsup n ^ 00 ||[/(t)F r f < n(F M ). For this we 
may assume that there exists 5 > such that 



limsup||C/(t)F^|| Lrx >5. 

M->oo 
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Let (s*f,yM) be such that \\U (t) F* 1 \\ L ^ x = \U(s^){F^)(y^)\. Then we show that 
\Un\ is uniformly bounded. 

Let us first observe that for any xq,xi E M. d 

\U(t)F™( Xl ) - U(t)F^(x )\ < su V \V(U(t)F^(x))\\ Xl - x \ 



< 



ICIle 14151 " P„ M (0\d£\xi -x \<{\ H2 r 2 - r^dr)* \\F™h\ Xl - x \ 



< i? 2 2 \xi - Xq\. 

From this, we deduce that \U(s^f)F^' 1 (y)\ > | if \y — y^f\ < c| for some small 
constant c > 0. Since U{s^){F^ I ){y) is radially symmetric, 

\U(s™)(FM)(y)\> 6 - if |^|-c| < 12/1 < 1^1+4" 

Taking L 2 norm on |yf|-cf < \y\ < |j/^|+cf , we have f |yf |"- l fc < \\F™ || 2 < 1, 
which implies |y„ | is uniformly bounded. Since ly^/H is uniformly bounded, there 
exists y^ 1 such that y^f — »• asn->oo for some subsequence. Then for large n, 
I^W^X-^Xi/oOl > ){F™ )(»* f )|. Let V G C °°(K d ) be radially symmetric 

and such that ip — 1 on iiT. And let ip M be Schwartz function such that tp M = ip6 y M , 
where 8„m is Dirac-dclta measure. Then 

Ho 



limsup||tf(f)F^|| L - <lim S up|£7(^)(i^)(^ f )| 



-hmsup^ 

n—>oo 

hmsupl / C/( S f)(F„ M )(j/)V M (j/)^| 



<||V M ||2M(^)</i(J- M ). 

This completes the proof of Proposition 13.21 □ 

We now begin the proof of Theorem 11.11 

3.2. Proof of Theorem 11.11 Let us start with the preliminary decomposition. 
From Propositions 13.11 and 13.21 we have 

N Mj 

(3.3) u n =YY.^+^ M — M \ 

j=i 1=1 

where 

^ = u^mK)- d/2 ^ 3 {-/K)], 

N 

Then the decomposition satisfies 

(1) by constructions, the family (h J n ,t~i^) is pairwise orthogonal, 
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(2) the asymptotic orthogonality is satisfied as follows: 

N Mj 

Kill = EE ll^'lli + Ik^-'^^ + On(l) 

3 =i e=i 

and ||^' Mi '-' Mn ||! = Y$=i l|en M3 ||l + II^IH due to disjoint Fourier sup- 
ports. 

We will show that U(t) u>^' Ml '"' ,Mjv converges to zero in a Strichartz norm, i.e., 
(3.4) limsup \\U(t) u^' Ml <- Mn \\ L * L r ^ as min{A, M x , • ■ ■ , M N } -> oo, 

n— > oo 

where (q, r) is an a-admissible pair with 2 d-i < a < 2. We enumerate the pair 
(J, a) by v satisfying 

v(j, a) < v(k, /3) if j + a < k + j3 or j + a = k + j3 and j < k. 
After relabeling, 

u n = E u{ti l )[{K)- d / 2 ^{-/K)] + J n 
i<j<i 

where = u^ Ml '"' ' Mn with I = Ylj=i Mj- Then the proof is completed by (|3.4[) , 
Now let us prove (|3.4p . Given e > 0, we take a positive number A such that for 
every N > A, 

limsup || E/(*)<z^||l ? l ; <e/3 

n— J-oo 

Then for every N > A, we can find A_/v such that whenever Mj > A at, 
limsup||f/(<)e^|| L?i , <e/3A. 



Now we rewrite oj^ Mu '"' Mn by 

, .N,M U -,Mn - n 

1<J<W 

where Mj V A at denotes max{ Mj, Ajv} and 



r n,Mu-Mn = ^ (e£ M '" - eil AN ) = E E "'I/' 



i<i<iv i < j • < jv Mj<e<A N 

Mj < A N 



Then we have 



lim ||^(t )w ^.-.^|| ifi + lim \Mt)R»< M »"> M »\\ L , Ll . 

In order to handle last term, we need the following lemma which will be proved at 
the end of this section. 

Lemma 3.3. For every N, Mi, • • • , Mjy, we have 

N Mj N Mj 

(3.5) limsup||EE^)< J ll^ ^EE limsu P|l^)< J 'llk- 



MASS CRITICAL FRACTIONAL SCHRODINGER EQUATION 



15 



From Lemma EOl and Strichartz estimates (Lemma 12 .![) it follows that 
limsup || [/(*)# 



Ml,— ,Mn ||2 



IK< E E limsup||i7(*)^'||| |is 

i< 3 <jv Mj<e<A N n ~^°° 

Mj < A N 



s E E 

l<j<N l>Mj 



"Hi 



Since J2j t II 4> III is convergent, 



limsu p I E E Wi^wii^ 

, j=l £>A/ j 



< 



provided that min(7V, Mi, • • • ,Mjv} is large enough. This completes the proof of 
Theorem O 



Proof of Lemma \3.3[ It suffices to show that for (j,£) 7^ (k,t'), 



(3.6) 



limsup || U(jk)S%> U(t)¥^ k \\ ri ,=0 



When (j, £) ^ (k,£'), there are two possibilities: 

(1) limsup^^ (j* + £|) = 00, 

( 2 ) = 0£) and limsu p«^oo |t " ( ^j: ' = 00 • 

More generally we will prove that if ^2 S LlL r x , then 



lim sup 



0. 



By density argument, it suffices to show this for ^1,^2 € Cq°(]R x R d ). Using 
Holder's inequality and scaling on space, we have 



A n :- 



V*i( ! 77#^)77^r* 2 ( 



t - t l '- k x 



< 



(KY 



t - t l > j 



,t-t 



e'k 



Then by time translation and scaling on time, we have 



A n < 



(-£)* *i(t,z) $ 2 ((-E)°t- "„,_,_" ,1, 



(ft*)" " 



Since the support in time of ||^i(t, •)IU r i s compact, from the above conditions (1) 
and (2) it readily follows that limsup JWOO A n = 0. This completes the proof of 
Lemma 13.31 □ 
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4. Nonlinear profile decomposition 

In this section we prove Proposition [T3] by making use of Theorem ll.il 

For simplicity of notations, we denote T^ijP by (jP n and T^ip 3 by ip J n . First, 
we will show the forward implication. Fix / — [a, b] C /„ for all n. We set 
e 'n =u n - Y!j=i -U{-W n , and 

lll e nlll[/] : = \\ e n\\c t Ll(IxR d ) + 1 1 e n II L q t ° Ll° (I xR d ) ■ 

Since lim ; limsup„ \\U(-)oj l n \\ L ^ L r {IxRd} = and 

i 

\\ u n\\L q t °L r a: °(I n xR d ) < E W^KW L q °Ll°(I n xVL*) + 1 
3=1 

for a large I, it suffices to show 

(4.1) limlimsuple^l^] 0. 
We write the equation for e l n in the following: 

i(e l n ) t + (-A)f e l n = F(£ l j=1 <Pi + U{-)< + <£) - £$ =1 H^i), 
ei,(0 l x) = E5=i^)-^(0,a), 

where -F(w) = (M -Q * |f | 2 )w. Then Strichartz estimates give 

NJ| m < NeL(«, OIUs 

+ ll^(E^ + t/ (-)^n + O - ^(E^ + U(-Wn)WLlLUIxW) 

(4.2) J=1 i=1 

l i 

3=1 3=1 

To estimate each term on the right hand side, we use the orthogonality of nonlinear 
profile, in addition to the Hardy-Littlewood-Sobolev inequality. Denote the third 
term in ({472]) by 

i i 

3 = 1 3=1 

Lemma 4.1. There exist no, Iq such that for all n > no, I > 

i 

(4-3) sup||EV4 + C/(-)wi|| L? = L -o (7xR£i) < co, 

and 

(4.4) lim limsup/^ -> 0. 

I— too n— >oo 



MASS CRITICAL FRACTIONAL SCHRODINGER EQUATION 17 

Proof. First, we show ()4.3|) . Since limi-^oo Hm sup„_ ) . 00 \\U(-)uj l n \\ L io L r a ^ IxKd ^ = 0, 
it suffices to show 

l 

II ^^nh^L^ilxRO) < °C- 
J'=l 

It follows from the small data global well-posedness that Sjlz HV , nll£«°z, r °(j X R<i) — 
Y^JLio ll^illla < 1- f° r some large V Due to the orthogonality Q3.5P and (|3.6p . for 
any Z, we have 

II X/'^™llir i S ( /xRd ) - E ll^nlli t 9o Li (/xE d ) + °n(l) 
J=l 3=1 
io 

< E ll^llij»23-(/xR-) + 2 < M • / + 2, 
j'=i 

where M is a uniform bound of |j^ 2 }- For (]4.4[) . we expand the cubical expres- 
sions (F(%2i ' )) an( i estimate 

& < E ii(kr a *(^ i ^ 2 ))^ 3 iu^(/x^) 

{jl =32=33}° 

+ E ll(N" a * (^^(OWnJ^lliiLJC/xR*) 

31,32 

+ E 11(1*1"° * (VW>n)^ 2 |U^(IxM*) + l^(^(-K)IUiiS(IxE-). 

Since (q o ,v ) is a-admissible. we can use the estimate 

\\{\x\~ a * (wif2))w 3 ||L t iL2(/xR«) ^ II IMIif Z,J°(/xR<*); 

l<i<3 

to get 

E II II^IUfiPaxR") 

{ii=j2=j 3 }° 1<*<3 



+ II^ 7 (-) w «IIl?°L^(/xR'') E II 11^™ Hi? ii°(-fxK d ) + ll [/ (') w illl«°LS (/xK< J ) 

\jlj2 1=1,2 

Then from the orthogonality of nonlinear profiles (as like the proof of Lemma 
flO} and 

limsup ||[/(£)c*4 l || i <jo L r — 0, for each I 

n— >oo 

we conclude (|4.4p . □ 
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In order to handle the second term of (|4.2j) . we first use Holder's and the Hardy- 
Littlewood-Sobolev inequality to estimate 

i ( 

WFCE^n + u(-W n + e l n ) - f(Y^ ii + u(-W n )\\ LlLl(IxRd) 



3=1 3=1 
2 I 



l \\k 
fc=l 3=1 



Substituting this into (|4.2[) and taking limsup, by Lemma |4~51 and ()4.3[) we obtain 



limsup I ej, I [/] < limsup ||e^(a, -)||i= + limsup V ||V>£IIL 9 °.lJ -tixu" )H e nllif i5 (/xK" 

3=1 

+ limsup lle^ll^ o 

n— >ao 

To handle remaining terms in the right hand side, we will divide interval /„ as in 
following lemma. 

Lemma 4.2. For given e > 0, there exist intervals 1^, such that I n = u| =1 J^ 

and 



limsupV" \\ip J n \\Ll°LZ°(iixm<i) < e, 1 < i < £ 

3=1 

Proof. The global well-posedness for small data and orthogonality give 



limsup || y^ll!«o L r 0(Ii xRd) < limsup^] ||^" 2 

n— >oo „ n— >oo _ 

3>* 3>* 



e 



for sufficiently large Let I 1 be maximal existence interval of tp . Since 

\\' l Pn\\L^L';°(I n xM d ) = IIV- ,1 ||L t go Lj°((/„+ti)*(/iJ 1 )°)xK< i )i 

there exists I 1 C I 1 such that ||V' 1 |li*°7,!;°(fixR< i ) < °o and (7„ + t*) * {h^) a C J 1 . 
Hence we can find £i and 1\ such that Ji = uflj// and || -0 1 || £ 9o i '-o (ji xR d) < e/2Z . 
Thus 

1 1 1 1 hf Ll°(7i jXB^) < £ / 2 ^ ' 

where j = F} /(h^) 01 — i*. By repeating this argument we get £j and P n for 
1 < j < Z, satisfying 

II II J4°L£°(JJ .xf) < £ / 2 ^ ' 

Then by taking intersection of I 3 n i and J n , we have i with ^ = Y^i=i ^ 

For I = F\ we thus have up to a subsequence 

Ill4j[/i] £ HM-)\\L-+P l n + e 2 \\e l J L ^ L:o{IkxRd) + BeJJIfjij, 
provided n is sufficiently large. By taking small e > we get 

- <||eL(0,-)|U 2 +^ + |||ei|||f7 i] . 



MASS CRITICAL FRACTIONAL SCHRODINGER EQUATION 



1!) 



Since lim/ lim sup n ||e„(0, -)I|l 2 = 0, by continuity argument limsup;,^^ |||e„||[/i] 
= 0. Particularly, this implies that limsup^^^ ||e^(6^, — 0, where l\ = 
[a*, &*] and a T \ = 0. Then repeated arguments give lim^^oo |||ejj| , — > as I — >• oo 
for 1 < j < £ 

Now we show the implication (2) — > (1). Suppose that the statement is wrong. 
Then limsup,^^ ||Mn||L^ Lj°(7„xR ci ) < 00 an d there exists jo such that 

limsup||^°|| i? o L .o (7?iXR£i) =oo. 

n— >oo 

By continuity, for given M , we have /„ C / n satisfying 

M < lim sup ||V£° |j LT LE = (Jr ; xR£i) , 

limsuplimsup2j ||^||r9o I ,ro ( ^ xK< i ) < oo. 

Then the implication (1) — > (2) gives u„ = Ylj=i + ^(') w n + e n- Squaring this, 
we get 

i i 

\u n U{-)J n ~ e l n \ 2 Re £ V» = ]T |^| 2 . 

3l>32 3 = 1 

Then Minkowski's inequality with q, r > 2 gives 



3=1 3=1 



3 |2|| 

9o/2 r r /2, 



' "'«■" lli| o/3 i; o/a (/;xR' i ) 



= ||| Uri -C/(-K- e i| 2 -Re £ V^^' 2 

3l>32 

< \\ u n\\ 2 L*° L£° (f nX R d ) + ll^(') a; rilll,| L; o (/;xK <J ) + ll e nllL« Li (7;xR' 
I 

+ \\^n^\\ Lr /2 L r o/ 2 (fnXMdy 
31 >32 

Due to orthogonality, we obtain 
l 

limsuplimsup ||(V IV^I 2 ) 2 " \\ L «o L r a(f xRd) < limsup |K|| L? o L r (f xRd) . 

!->oo ra-voo . . * 1 v ; n— s-oo 

3 = 1 

On the other hand, we have 

|||u„ - U{-)J n - eL| 2 || i? o/2 i , o/ 2 (/nXR£i) 

i l 

^ El^n| 2 || L? o/2 L ro/2 (7 ; xR(1) + ||Re Iftlfc |L r /2 L .„/2 (/;><R£i) . 

3=1 3i>3*2 
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And we also have 

\\\u n ~U(-)uj l n - el n\ 2 \\l r /2 L r o/ 2 (fnXRd) = IK ~ U{-)J n ~ e l n \\L«°Ll°(f n xR*) 

> \\ u n\\ L«° Ll° (f n xS. d ) ~ ll^(') w nllL? L^°(/„xR d ) - II e n II L q t ° Ll° (/„ xR d ) • 

Hence we obtain 

\\ Un \\ L q t ° Ll° (I n xK. d ) 

I I 

^ (El^| 2 |Lr/ 2 L-/ 2 (/„xE^ + ll RG ^^n\\ Lr /2 L:o/ 2 (fnXmd) y 

j=i ii>i2 

+ H^(') w nllL9°L£°(/„xR d ) + ll e illL«°L?(/„xR' 1 ) 

and limsup||u„|| L? „ L?)(/ - ■ Rd) < limsup ||(£- =1 IV'nH' IL*°z/-°a xK d l by or ~ 
thogonality. So it follows that 

I 

lim sup IKH LT L ro , f xRd) w lim sup lim sup || ( V |^ | 2 ) * || L? o L n, (J - Rd) . 

3=1 

Therefore, we get 



M 2 < lim sup || V# || xRd) < limSUplimSUp|KV|V'n| 2 ) 2 |li3= L W/ 

n— >oo ' v ' !-yoo n— 'too — ' * x v 

< limsup ||M„|| 2 j , 0i . - xRd < Hmsup IKHlyo^ro^ jj^, 
which gives a contradiction by letting M — > oo. This completes the proof. 

5. Blowup Phenomena 
In this section we provide the proofs of Theorem 11.61 II. 71 and Corollary 

Proof of Theorem 11.61 By definition of So, there exist blowup solutions {u„}™ =1 
with initial data {uo,n}$£Li C L\ such that ||wo,n|| \ So as n ^ oo. By using time 
translation and scaling symmetry, we may assume that 

ll M n||Lf°L^([04]xR d ) ^ OO as Ti Y OO. 

Then we apply Theorem 11.11 to {uo.n} to get linear profiles {<fp , h J n , s J n }. From 
Proposition [T3J we obtain nonlinear profiles {ip J } associated with { h J n , s J n }. 

Since limsup n _ ! . 0O ||ii„|| L 9o L r Q ,i]xR d ) = °°: Proposition [T3] says that there ex- 
ists jo such that ip^ blows up and so we have H^Hl 2 > ^o- And by Theorem ll.il 
we have 

||^||| 2 <^||^|| 2 , 2 <H m sup|| UOl „||! 2 =^ 

which implies 

ii^°(o,-)iu» = ii^°iu><<yo. 
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Hence, ||0 Jo ||l 2 should be Sq. For the proof of the second conclusion, we apply the 
above argument to the sequence {u(t n )}- 

Proof of Theorem 11.71 Let u n (t, x) = u(t + t n ,x). Then we have 




and 

limsup ||u n |Uf i;°([o,T*-t„]xK'i) = hmsup ||u„|Uf £j»([-t„,o]x»i) = oo. 

n— >oo n— >oo 

Let {ft, ip J , h J n , s J n } be family of linear and nonlinear profiles associated with 
{w„(0, •)} which are obtained in Theorem 11.11 and Proposition 11.51 We take the 
inverse of symmetry group (or we redefine s 3 n := — an d h 3 n := -—-). Then by 
Proposition 1 1 . 5 1 for /„ = [0,T* — t n ], there exists jo such that 

limsup || -0- 70 1| L io L ro (I n xK d) = oo, 

where /A : = (T* - t n )/(4°) Q + 4°]- 

Let s^ := lim sup^^^ . From Lemma IA.11 we obtain ^ oo. Hence 
s jo = -oo, or s J0 = 0. If s jo = -oo, then if) jo blows up at T** and lim sup^^ (T* - 
t n )/{h^) a > Applying the same argument to /„ = [— t n ,0], we get j which 
satisfies 

limsup || ib 3a || „ _ -f n , = oo, 

n-foo ll L?°L^(/i°xK< 1 ) 

where l[° := [(-*„) / (h§) a + s£°,s£°]. Since IK°, a^) || < y/25 , there cannot be 
two blowup profiles. Hence jo should be jo. Therefore, from Lemma IA.1[ we get 

s jo ^ -oo. 

Now we have s JO = 0. Then Theorem 11.11 gives 

(Tj')- 1 «n(o J •) = <p + (Tj)" W + (r*-)- 1 ^- 

Due to the orthogonality, (Tff^^bft — 1 weakly in L 2 as n — > oo. And 
since limsup^^^ ||wJJ|l<<°lJ — 5. as I —> 00, the uniqueness of weak limit gives 
(r^°) _1 w^ — weakly in L 2 . Hence we have 

(r^) _1 u(t n , •) ft weakly in L 2 . 

Therefore, by taking h n = and <j> = ft", we see (TO]) and (| 1 .4[) . This completes 
the proof of Theorem 11.71 
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Proof of Corollary Ell By Theorem P| there exists 4> G L 2 X such that \\4>\\l* > 
So, and ()1.3j) and (|1.4j) hold. Hence we have for R > 0, 



limsup(/i„) d / \u(t n ,h n x)\ 2 dx > I \(j)\ 2 dx. 

n-»oo 7|x|<J? J|x|<i? 

After dilation, we get 

limsup / \u(t n , x)\ 2 dx > I |(/)| 2 c?x. 

n->oo J\ x \<Rh„ J\x\<R 



Since - — > as £„ — ¥ T* , we get A ^ f " ; — > and 



limsup / \u(t n , x)\ 2 dx > / |0| 2 dx. 

n-J-oo J\ x \<\(t n ) J\x\<R 

Since / |0| 2 cfa > S 2 , letting R — > oo, we get (|1.5|) . 

Appendix A. 

The local well-poscdncss of (|l.ip is obtained in [7]. The well-poscdness for a 
given asymptotic state is similar and fairly standard. Wc provide its proof for 
completeness. 

Lemma A.l. Given g G L 2 (R. d ), there exists a positive T and a unique solution u 
to (HU) such that u G C t L 2 x ([T, oo) x R d ) n L q t ° U x ? ([T, oo) x R d ) and 

\\u(t) - U(t)g\\ L 2 — y as t — y oo. 

Proof. We sketch the proof as the argument is rather standard. We define nonlinear 
mapping Af by 



Af(v){t) := i\ J U(t - s)(\x\- a * \U{s)g + v(s)\ 2 )(U(s)g + v(s))ds 
for v in Banach space X = Xx, e given by 

X := {v eC t L 2 x ([T, oo] x R d ) n L\° L r x ° ([T, oo) x R d ) : 

ll u llc t L2([T,oo)xR d ) + IMIl«°L£°([T,co)xR< ! ) < £ ) ■ 

Using the Strichartz estimate (Lemma 12. lj) and Christ-Kiselev lemma, one can get 

\W{v)\\ Ct Ll([T,oo)y.R*) + \W(v) \\ L «°LZ° ([T,oo) xl") ^ II ^OOs + II \f L r x ° ([T,oo) xM") 

~ (ll^( s )ffllL?°Lj°([T,oo)xR d ) + ll W ( S )llL«°L^([T,oo)xR d ))- 

Since ||£^(s)<7||l^ l;,; ([T,oo)xR d ) < \\g\\ L 2 by Lemma |2.1[ A/" becomes a self-mapping 
on X for sufficiently large T. Similarly one can easily prove that M is a contraction 
mapping on X. Lastly the absolute continuity gives |ju(t)|| £ 2 — s- as t — >• oo. 
Now we write it(£) as 

u(t) = U(t)g + v{t). 
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Then \\u(t) — U(t)g\\ L 2 — > as t — > oo. It remains to show that 

(A.l) u{T) = U{T-t)u{t)-i\ J U{t - s){{\x\- a *\u\ 2 )u){s)ds. 

In fact, since v{t) = AF(v)(t), one can show that 

v(t) = U(t - t)v(t) ~ iX J t U(t - s){\x\- a * \u\ 2 )u(s) ds. 

Thus 

u(t) = U{ T )g + v{T) = U(t - t)(U(t)g + v(t)) - iX J U(t - s)(\x\~ a *\u\ 2 )u(s) ds, 
which yields (|A.1|) . □ 
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